In this work, we extend the analytic treatment of Bessel functions of large order and/or argument. We examine uniform asymptotic Bessel function expansions and show their accuracy and range of validity. Such situations arise in a variety of applications, in particular the Fourier transform of the gravitational wave signal from a pulsar. The uniform expansion we consider here is found to be valid in the entire range of the argument.
Introduction
The detection of gravitational waves (GW) from astrophysical sources is one of the most important problems in experimental gravitation today. Large laser interferometric gravitational wave detectors like LIGO, VIRGO, LISA, TAMA 300, GEO 600 and AIGO may in the near future open a new window for the study of a great variety of nonlinear curvature phenomena.
In recent works [1, 2, 3] we have analyzed the Fourier transform (FT) of the Doppler shifted GW signal from a pulsar with the use of the plane wave expansion in spherical harmonics (PWESH), which has a variety of applications in many areas [4, 5, 6] . The consequent analysis of the Fourier transform of the GW signal from a pulsar has a very interesting and convenient development in terms of the resulting spherical Bessel, generalized hypergeometric, gamma and Legendre functions. Both rotational and orbital motions of the Earth and spindown of the pulsar can be considered in this analysis which happens to have a nice analytic representation for the GW signal in terms of the above special functions. The signal can then be studied as a function of a variety of different parameters associated with both the GW pulsar signal as well as the orbital and rotational parameters. The numerical analysis of this analytical expression for the signal offers a challenge for fast and high performance parallel computation. Recent studies of the Cosmic Microwave Background Explorer have raised the interesting question of the study of very large multipole moments with angular momentum l and its projection m going up to very large values of l ∼ 1000. Such problems warrant an intensive analytic study supplemented by numerical and parallel computation.
Since our FT depends on the Bessel function, a computational issue arises due to large values of the index or order n of the function. In the GW form of the pulsar, the Doppler shifted orbiting motion gives rise to Bessel functions J n ( 2πf 0 A sin θ c ), where
is large for non-negligible angle θ. Even for sin θ ∼
The expansion in terms of the Bessel functions has recently found a valuable application [11] in the identification of global parameter space correlations of a coherent matched filtering search for continuous GW from isolated neutron stars. The authors have done an interesting pioneering analysis of the global correlations and indicate that the locations of local maxima of the detection statistics involve Bessel functions and are dominated by the Doppler shift due to the Earth's orbital motion. We have made a preliminary extension of their analysis that makes use of the summation of infinite series involving Bessel functions and other relevant functions of the parameters and physical variables. Their various levels of approximation can be further improved for a comparison with exact numerical results.
Captures of stellar-mass compact objects (CO) by massive black holes are important capture sources for the Laser Interferometer Space Antenna (LISA), the space based GW detector due to be launched in about a decade [12] . Higher Harmonics of the orbital frequency of the COs arise in the post Newtonian (PN) capture GW model forms and contribute considerably to the total signal to noise (S/N) ratio of the waveform. The GW form can be decomposed into gravitational multipole moments which are treated in the Fourier analysis of Keplerian eccentric orbits. The radiation depends strongly on the orbital eccentricity e, and Bessel functions J n (ne) are a natural consequence of the analysis. Such calculations involving gravitational wave forms necessitate a very accurate evaluation of Bessel functions of large order and argument due to the importance of orbital eccentricity. Accurate and efficient evaluations of Bessel functions for constructing reliable gravitational wave templates from binary stars with arbitrary orbital eccentricity have been done by Pierro et al. [13] using generalized Carlini-Meissel expansions. The methods investigated in the current work can also be applied to such calculations relating to LISA capture sources.
The calculation of partial derivatives of the potential scattering phase shifts which often contain Bessel and Legendre functions of large order angular momentum l, with respect to angular momentum arise in a variety of scattering problems in atomic, molecular and nuclear physics. In particular, large values of l can arise in rainbow, glory and orbit scattering [14, 15] , in black hole gravitational fields [16] , and in catastrophe theory [17] . The analysis in our paper should help provide suitable approximations for large order and/or argument for the Bessel functions that arise in such problems.
In section 2 we give the relevant expressions from our work on GW signal analysis to demonstrate the occurrence of large order Bessel functions. Section 3 presents the uniform expansion and the expressions associated with it. We discuss the results in Section 4 and compare them with other expansions and the exact values of the Bessel functions.
Fourier Transform of the GW signal
The FT for the GW Doppler shifted pulsar signal [1] is given as follows:
where
Ai(x) represents the Airy function. Equations 12 and 13 are used to define ζ, the choice depending on the region of interest. Equation 12 is used when the argument of the Bessel function is less than the order, while equation 13 is used when the argument is larger than the order. Also, the u i are defined recursively by
Using the symbolic package MAPLE, we have computed these functions up to u 11 , and the results are given below. They may, however, be calculated in principle up to any order, and MAPLE can perform this task fairly rapidly. In Table 1 we compare the values generated by this expansion with the exact Bessel function values, as well as the other expansions (Watson's expansion, epsilon expansion and Meissel's third expansion) from our previous work [9] for order ν = 300. (Refer to the discussion section for the formulae for these expansions.) We also give a comparison for a larger order, ν = 50000, in Table  2 . We were not able to give exact values of the Bessel function for ν = 50000 due to the immense computational power required, but we give values for the other expansions for comparison. 
The uniform expansion values were calculated using four terms in the series in equation 7. We note that there is a significant discrepancy between the uniform expansion values and the exact values close to the transition region. Temme [18] has noted that this is due to numerical singularities rather than to analytic singularities, and he has given expansions of the functions a k (ζ) and b k (ζ) appearing in equation 7. Using these improved formulae, we obtain the following uniform expansion values. A similar expansion for the first derivative of the Bessel function is also given in [10] . This expression is given below.
The coefficients v i , like u i , are defined recursively, according to the following relation. In Table 3 below, we compare the values of J ′ ν (x) obtained from the expansion with the exact values, for ν = 300. A similar table is not given for ν = 50000 since we are not able to provide exact values for comparison, due to the large value of the index. 
Discussion
We find that the uniform expansions are accurate to a higher domain of validity than the expansions considered in our earlier work [9] , thereby increasing their utility especially in the problematic z ∼ 1 or "transition" region. We compare the uniform expansion with the exact Bessel function values in the transition region in Figures 2 and 3 at the end of this section, which are plotted for order ν = 300. It is seen that the uniform expansion agrees with the exact Bessel function curve for the entire range of the argument. Previously, we presented two methods that are geared to work specifically in the transition region [9] . First, we present the results by Watson [7] . For the case of the argument being less than the order, he obtained, through the use of contour integration,
where |θ 1 | < 1. Similarly, for the case when the argument is greater than the order, he derived the following:
tan β cos ν tan β − 1 3
where |θ 2 | < 1 and the argument for the Bessel functions J ± ν tan 3 β. The great advantage of these formulae is that they have error bounds given. We have found that |θ 1 | and |θ 2 | do not generally have constant values for different values of the argument, but they do nevertheless stay below 1. We have plotted the values of θ 1 and θ 2 such that Watson's expansion matches the exact value, for a range of arguments with ν = 300 (Figure 1 ). From these graphs, it is clear that |θ 1 | stays below ∼ 0.0052 and |θ 2 | stays below ∼ 0.0016.
On the other hand, Debye [19] introduced what we will term as the "ǫ expansion". The idea is motivated by introducing a small parameter ǫ, such that ν = x(1 − ǫ), where ν denotes the order and x is the argument of the Bessel function. This expansion is given below:
We extended this analysis of Debye by 5 orders to the terms B m (ǫx), m = 0, 1, 2, ..15 [9] . It should be remarked that the single value of the Bessel function when the argument equals the order (x = ν) was also considered in this earlier study which extended the previous work of [20] by two orders. We observed that inclusion of the higher order terms leads to highly accurate values, and so the singular case, for the uniform expansions (when x = ν) is well under control. Now, to illustrate the applicability of these three methods to the transition region (z ∼ 1), we present Figures 4 and 5, which are plotted for the problematic regions relevant for GW phenomenology (when the order is as large as ν = 1000000). Watson's expansion and the ǫ expansion both show remarkable ability in capturing the functions in the transition region.
We were not able to make exact comparison for such a large order, obviously due to massive computer times required. However, in Figures 4 and 5 , we observe strong evidence that the proposed uniform Bessel asymptotic expansions are appropriate for GW signal analysis. Here, we note the transition region starting at values of the argument at 1,000,000 and going up to 1,000,200. In this region, the ǫ expansion, Watson's formula and the uniform expansion closely coincide with one another. As we found earlier [9] the ǫ expansion breaks down earlier as the argument leaves the transition region; however, all three methods coincide in a certain region indicating that we have consistent methods that work for values relevant to GW analysis. The uniform Bessel expansion is fairly easy to implement computationally and indicates good stability for rather large values of the argument. To illustrate the type of values a GW pulsar FT would require, we present Figure  6 . Here, we plot the uniform Bessel expansion for values ranging from 1,000,200 to 32,500,000, which are relevant for GW phenomenology. This appears as a black band and is a continuous function which indicates oscillations tightly bunched together, and happens to be identical to a graph obtained earlier by using Meissel's second expansion [9] . It is noteworthy that the method is stable and shows consistent behaviour over an extreme range of values for the argument.
The zeroes (roots) of the Bessel function will help to identify the sky locations in terms of θ where the signal strength is zero. Zeroes of Bessel functions arise in a variety of diffraction problems. Derivatives of Bessel functions are also important in a multitude of applications and are evaluated using the uniform expansions.
It is worth mentioning here a procedure developed by Baruth [21] which can evaluate Bessel functions for large index and argument, for example in the range of 5 million. The procedure performs evaluations in less than 10 ms, and the author believes that it can be improved even further. As an example, he has calculated J 1000000 (999995) = 4.267834146855037 × 10 −3 , which is close to our value of 4.267834146855055 × 10 −3 , an agreement of 13 decimal places.
Number-theoretic study of the denominators of u i
We note here an interesting pattern regarding the functions u i used in the uniform expansion. Using MAPLE we undertook a study of the denominators occurring in the u i mainly because their prime number factorizations appear to have some surprising properties.
Let d i denote the common denominator of the terms of u i for i = 0, 1, . . . and consider the prime number factorizations of the first eleven d i 's : 
where g i is Gould's sequence, see [22] , defined as the highest power of 2 dividing the central binomial coefficient
. All terms of Gould's sequence g i are powers of two and therefore a i will be an integer. This remarkable identification was done via N. J. A. Sloane's On-Line Encyclopedia of Integer Sequences, see [23] .
The table below lists the first eleven values given by formula (21) which agree with the values given in the previous table (20) . i 0 1 2 3 4 5 6 7 8 9 10 
Conclusions
In this work we examined, using symbolic computation, the accuracy and the range of validity of uniform asymptotic expansions of Bessel functions relevant for GW signal from pulsars and found them to be valid over the entire domain of the argument, including the problematic "transition region". We compared these expansions with the fractional transition Bessel and the Debye expansions in such regions and found all three expansions to be applicable in the transition region. It was shown that there is a region where all three expansions agree, which is indicative of the accuracy of the uniform expansion in this domain. The functions used by Bessel in 1824 in connection with planetary motion have found innumerable applications as earlier studies by Bernoulli, Lagrange, Carlini, Laplace, Poisson, Euler and many others [7] have shown. Further problems will also bring the ubiquitous Bessel functions to more diverse applications. Such applications may require accurate calculations of the functions for large order and argument, and asymptotic analysis will also be relevant for other special functions.
